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Abstract
Fermi transport of spinors can be precisely understood in terms of 2-spinor geometry.
By using a partly original, previously developed treatment of 2-spinors and classical fields,
we describe the family of all transports, along a given 1-dimensional timelike submanifold
of spacetime, which yield the standard Fermi transport of vectors. Moreover we show that
this family has a distinguished member, whose relation to the Fermi transport of vectors is
similar to the relation between the spinor connection and spacetime connection. Various
properties of the Fermi transport of spinors are discussed, and applied to the construction
of free electron states for a detector-dependent QED formalism introduced in a previous
paper.
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1 Two-spinors and Dirac spinors
This section and the next one contain a sketch of the two-spinor approach to Dirac algebra
and field theories referred to in the Introduction. See [3, 4, 7] for details.
1.1 Hermitian tensors
If V is a finite dimensional complex vector space, then we indicate by V ⋆ its dual space,
by V ⋆ ∼= V ⋆ its anti-dual space (namely the vector space of all anti-linear maps V → C)
1
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and by V ∼= V ⋆⋆ ∼= V ⋆⋆ its conjugate space. One then has natural anti-isomorphisms
V → V : v 7→ v¯ and V ⋆ → V ⋆ : λ 7→ λ¯ . Following a rather standard usage, we use “dotted
indices” for vector and tensor components in V and V ⋆.
The space V ⊗V has a natural real linear (complex anti-linear) involution w 7→ w†, which
on decomposable tensors reads
(u⊗ v¯)† = v⊗ u¯ .
Hence one has the natural decomposition of V ⊗V into the direct sum of the real eigenspaces
of the involution with eigenvalues ±1, respectively called the Hermitian and anti-Hermitian
subspaces, namely
V ⊗V = (V ∨¯V )⊕ i (V ∨¯V ) .
In other terms, the Hermitian subspace V ∨¯V is constituted by all w ∈ V ⊗V such that
w† = w, while an arbitrary w is uniquely decomposed into the sum of an Hermitian and an
anti-Hermitian tensor as
w = 12 (w + w
†) + 12(w −w†) .
In terms of components in any basis, w = wAB˙bA⊗ b¯B˙ is Hermitian (anti-Hermitian) iff the
matrix (wAB˙ ) of its components is of the same type, namely w¯B˙A = ±wAB˙.
1.2 Two-spinor space
Let S be a 2-dimensional complex vector space. Then ∧2S is a 1-dimensional complex vector
space. The Hermitian subspace of (∧2S)⊗ (∧2S) is a 1-dimensional real vector space with a
distinguished orientation, whose positively oriented semispace
L2 := [(∧2S) ∨¯ (∧2S)]+ := {w⊗ w¯, w ∈ ∧2S}
has the square root semi-space L, called the space of length units.1 The complex 2-dimensional
space
U := L−1/2⊗S
is called the 2-spinor space. Observe that the 1-dimensional space
Q := ∧2U = L−1⊗∧2S
has a distinguished Hermitian metric, defined as the unity element in
Q⋆ ∨¯Q⋆ ≡ (∧2U⋆) ∨¯ (∧2U⋆) = L−2⊗ (∧2S⋆) ∨¯ (∧2S⋆) ∼= R .
Hence there is the distinguished set of normalized “symplectic” forms on U , any two of them
related by a phase factor.
Consider an arbitrary basis (ξA) of S , and let (x
A) be its dual basis of S⋆. This determines
the mutually dual bases
w := εAB ξA ∧ ξB , w−1 := εAB xA ∧ xB ,
1 A unit space is defined to be a 1-dimensional real semi-space, namely a positive semi-field associated with
the semi-ring R+ (see [10] for details). The square root U1/2 of a unit space U, is defined by the condition
that U1/2⊗U1/2 be isomorphic to U. More generally, any rational power of a unit space is defined up to
isomorphism (negative powers correspond to dual spaces). Here we only use the unit space L of lengths and
its powers; essentially, this means that we take ~ = c = 1 .
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respectively of ∧2S and ∧2S⋆ (here εAB and εAB both denote the antisymmetric Ricci matrix),
and the basis
l :=
√
w⊗ w¯ of L .
Then one also has the induced mutually dual, normalized bases
(ζA) := (l
−1/2⊗ ξA) , (zA) := (l1/2⊗ xA)
of U and U⋆, and also
ε := l⊗w−1 = εAB zA ∧ zB ∈ Q⋆ ≡ ∧2U⋆ ,
ε−1 ≡ l−1⊗w = εAB ζA ∧ ζB ∈ Q ≡ ∧2U .
Remark. In contrast to the usual 2-spinor formalism, no symplectic form is fixed. The
2-form ε is unique up to a phase factor which depends on the chosen 2-spinor basis, and
determines isomorphisms
ε♭ : U → U⋆ : u 7→ u♭ , 〈u♭, v〉 := ε(u, v) ⇒ (u♭)B = εAB vA ,
ε# : U⋆ → U : λ 7→ λ# , 〈µ, λ#〉 := ε−1(λ, µ) ⇒ (λ#)B = εAB λA .
1.3 From 2-spinors to Minkowski space
Though a normalized element ε ∈ Q⋆ is unique only up to a phase factor, the tensor product
g ≡ ε⊗ ε¯ ∈ Q⋆⊗Q⋆ is a naturally distinguished object. This can also be seen as a bilinear
form on U ⊗U , acting on decomposable elements as
g(p⊗ q¯, r⊗ s¯) = ε(p, r) ε¯(q¯, s¯) .
The fact that any ε is non-degenerate implies that g is non-degenerate too. In a normalized
2-spinor basis (ζA) one writes w = w
AA˙ ζA⊗ ζ¯A˙ ∈ U ⊗U , gAA˙BB˙ = εAB ε¯A˙B˙ and
g(w,w) = εAB ε¯A˙B˙ w
AA˙wBB˙ = 2 detw .
The Hermitian subspace
H := U ∨¯U ⊂ U ⊗U
is a 4-dimensional real vector space, and the restriction of g to H turns out to be a Lorentz
metric with signature (+,−,−,−) . Actually, for any given normalized basis (ζA) of U consider
the Pauli basis (τλ) of H associated with (ζA), namely
τλ ≡ τ AA˙λ ζA⊗ ζ¯A˙ ≡ 1√2 σ AA˙λ ζA⊗ ζ¯A˙ , λ = 0, 1, 2, 3 ,
where σλ denotes the λ-th Pauli matrix; then one easily finds g(τλ , τµ) = 2 δ
0
λδ
0
µ− δλµ . Con-
versely, any orthonormal basis of H can be written as the Pauli basis associated with an
appropriate two-spinor basis.
It’s not difficult to prove that an element w ∈ U ⊗U = C⊗H is null, that is g(w,w) = 0 ,
iff it is a decomposable tensor: w = u⊗ s¯, u, s ∈ U . A null element in U ⊗U is also in H iff
it is of the form ±u⊗ u¯. Hence the null cone N ⊂H is constituted exactly by such elements.
Note how this fact yields a way of distinguish between time orientations: by convention, one
chooses the future and past null-cones in H to be, respectively,
N+ := {u⊗ u¯, u ∈ U} , N− := {−u⊗ u¯, u ∈ U} .
4 1 TWO-SPINORS AND DIRAC SPINORS
1.4 From 2-spinors to Dirac spinors
Next observe that an element of U ⊗U can be seen as a linear map U⋆ → U , while an
element of U⋆⊗U⋆ can be seen as a linear map U → U⋆. Then one defines the linear map
γ : U ⊗U → End(U ⊕U⋆) : y 7→ γ(y) :=
√
2
(
y, y♭⋆
)
,
i.e. γ(y)(u, χ) =
√
2
(
y⌋χ , u⌋y♭) ,
where y♭ := g♭(y) ∈ U⋆⊗U⋆ and y♭⋆ ∈ U⋆⊗U⋆ is the transposed tensor. In particular for
a decomposable y = p⊗ q¯ one has
γ˜(p⊗ q¯)(u, χ) =
√
2
(〈χ, q¯〉 p , 〈p♭, u〉 q¯♭ ) .
It’s not difficult to see that, for all y, y′ ∈ U ⊗U , one has
γ(y) ◦ γ(y′) + γ(y′) ◦ γ(y) = 2 g(y, y′) 1 ,
namely γ is a Clifford map relatively to g; thus one is led to regard
W := U ⊕U⋆
as the space of Dirac spinors, decomposed into its Weyl subspaces. The restriction of γ to the
Minkowski space H is called the Dirac map.
The 4-dimensional complex vector space W is naturally endowed with a further structure:
the obvious anti-isomorphism
W →W⋆ : (u, χ) 7→ (χ¯, u¯) .
Namely, if ψ = (u, χ) ∈ W then ψ¯ = (u¯, χ¯) ∈ W can be identified with (χ¯, u¯) ∈ W⋆ ;
this is the so-called ‘Dirac adjoint’ of ψ . This operation can be seen as the “index lowering
anti-isomorphism” related to the Hermitian product
k : W ×W → C :
(
(u, χ), (u′, χ′)
)
7→ 〈χ¯, u′〉+ 〈χ′, u¯〉 ,
which is obviously non-degenerate; its signature turns out to be (+ + −−), as it can be seen
in a “Dirac basis” (below).
Let (ζA) be a normalized basis of U ; the Weyl basis of W is defined to be the basis (ζα),
α = 1, 2, 3, 4, given by
(ζ1 , ζ2 , ζ3, ζ4) := (ζ1 , ζ2 ,−z¯1,−z¯2) .
The Dirac basis (ζ ′α), α = 1, 2, 3, 4, is given by
ζ ′1 =
1√
2 (ζ1 , z¯
1) ≡ 1√2(ζ1 − ζ3) , ζ ′2 = 1√2(ζ2 , z¯2) ≡ (ζ2 − ζ4) ,
ζ ′3 =
1√
2 (ζ1 ,−z¯1) ≡ (ζ1 + ζ3) , ζ ′4 = 1√2(ζ2 ,−z¯2) ≡ (ζ2 + ζ4) .
Setting
γλ := γ(τλ) ∈ End(W )
one recovers the usual Weyl and Dirac representations as the matrices
(
γλ
)
, λ = 0, 1, 2, 3 , in
the Weyl and Dirac bases respectively.
5It should be noted that no distinguished Hermitian metric exists either on U or W :
assigning such structure is equivalent to fixing an observer (this point remains somewhat
obscured in most traditional treatments of spinors). In fact, a Hermitian 2-form h on U is an
element in U⋆ ∨¯U⋆ ∼= H∗. One says that h is normalized if it is non-degenerate, positive and
g#(h) = h−1; the latter condition is equivalent to g(h, h) = 2 . If h is normalized then it is
necessarily a future-pointing timelike element in H∗ . For example, if (τλ) is a Pauli basis and
(tλ) is the dual basis, then
√
2 t¯0 = z¯1⊗ z1 + z¯2⊗ z2 is normalized; conversely, every positive-
definite normalized Hermitian metric h can be expressed in the above form for some suitable
normalized 2-spinor bases. In 4-spinor terms: if h is assigned, then it extends naturally to a
Hermitian metric h on W , which can be characterized by2
h(ψ, φ) = k(γ0ψ, φ) .
Remark. Some other operations on 4-spinor space, commonly used in the literature, ac-
tually depend on particular choices or conventions. Charge conjugation, in particular, is the
antilinear involution
C : W →W : (u, χ) 7→ e−it (ε#(χ¯),−ε¯♭(u¯))
determined by the choice of a normalized delement ω ≡ ei t ε ∈ ∧2U⋆. Parity is the endomor-
phism γ0 ≡ γ(τ0) , so it depends on the choice of an observer (here written as the element τ0 of
a suitable Pauli frame). Time-reversal is the composition γη γ0 C , where γη (in a Pauli basis:
γη = γ0 γ1 γ2 γ3) is the endomorphism corresponding, via γ , to the volume form η determined
by g on H .
2 Two-spinor bundle and field theories
2.1 Two-spinor connections
Consider any real manifold M and a vector bundle S ֌ M with complex 2-dimensional
fibres. Denote base manifold coordinates as (xa); choose a local frame (ξA) of S, determining
linear fibre coordinates (xA). According to the constructions of the previous sections, one now
has the bundles Q, L, U , H , W over M , with smooth natural structures; the frame (ξA)
yields the frames ε, l, (ζA) and (τλ) , respectively. Moreover for any rational number r ∈ Q
one has the semi-vector bundle Lr .
Consider an arbitrary C-linear connection  Γ of S ֌M , called a 2-spinor connection. In
the fibred coordinates (xa, xA)  Γ is expressed by the coefficients  Γ Aa B : M → C , namely the
covariant derivative of a section s : M → S is expressed as
∇s = (∂asA −  Γ Aa BsB) dxa⊗ ξA .
The rule ∇s¯ = ∇s yields a connection ¯ Γ on S֌M , whose coefficients are given by
¯ Γ A˙a B˙ =  Γ Aa B .
Actually,  Γ determines linear connections on each of the above said induced vector bundles
over M . Denote by 2G and 2Y the connections induced on L and Q (this notation makes
sense because the fibres are 1-dimensional), namely
∇l = −2Ga dxa⊗ l , ∇ε = 2 iYa dxa⊗ ε ,
∇w−1 ≡ ∇(l−1⊗ ε) = 2(Ga + iYa) dxa⊗ l−1⊗ ε
2 In the traditional notation, γ†λ indicates the h-adjoint of γλ , and then depends on the chosen observer.
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and the like. By direct calculation we find
Ga =
1
4( Γ
A
a A + ¯ Γ A˙a A˙) , Ya = 14i( Γ
A
a A − ¯ Γ A˙a A˙) .
Since Ya is real, the induced linear connection on Q is Hermitian (preserves its natural Her-
mitian structure).
The coefficients of the induced connections ˜ Γ on U , and Γ˜ on H , turn out to be
˜ Γ Aa B =  Γ Aa B −Ga δAB ,
Γ˜ AA˙a BB˙ =  Γ Aa B δA˙B˙ + δAB ¯ Γ A˙a B˙ − 2Ga δAB δA˙B˙ .
Since its coefficients are real, Γ˜ turn out to be reducible to a real connection on H . Moreover
this connection Γ˜ turns out to be metric, namely ∇[Γ˜]g = 0 . Hence, its coefficients are
antisymmetric and traceless, namely
Γ˜ λµa + Γ˜
µλ
a = 0 , Γ˜
λ
a λ = 0 .
The above relations between  Γ and the induced connections can be inverted as
 Γ Aa B = (Ga + iYa) δAB + 12 Γ˜
AA˙
a BA˙ ,
and a similar relation holds among the curvature tensors, namely
R Aab B = −2 (dG+ i dY )ab δAB + 12 R˜ AA˙ab BA˙ .
2.2 Two-spinor tetrad
Henceforth I’ll assume that M is a real 4-dimensional manifold. Consider a linear morphism
Θ : TM → S⊗S = C⊗L⊗H ,
namely a section
Θ : M → C⊗L⊗H ⊗T∗M
(all tensor products are over M). Its coordinate expression is
Θ = Θλa τλ⊗ dxa = ΘAA˙a ζA⊗ ζ¯A˙⊗ dxa , Θλa,ΘAA˙a : M → C⊗L .
We’ll assume that Θ is non-degenerate and valued in the Hermitian subspace L⊗H ⊂
S⊗S ; then Θ can be viewed as a ‘scaled’ tetrad (or soldering form, or vierbein); the co-
efficients Θλa are real (i.e. valued in R⊗L) while the coefficients ΘAA˙a are Hermitian, i.e.
Θ¯A˙Aa = Θ
AA˙
a . Through a tetrad, the geometric structure of the fibres of H is carried to a
similar, scaled structure on the fibres of TM . It will then be convenient, from now on, to
distinguish by a tilda the objects defined on H, so I’ll denote by g˜ , η˜ and γ˜ the Lorentz
metric, the g˜-normalized volume form and the Dirac map of H , and set
g := Θ∗g˜ : M → C⊗L2⊗T∗M ⊗T∗M ,
η := Θ∗η˜ : M → C⊗L4⊗∧4T∗M ,
γ := γ˜ ◦Θ : TM → L⊗ End(W ) ,
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which have the coordinate expressions
g = ηλµΘ
λ
a Θ
µ
b dx
a⊗ dxb = εABεA˙B˙ ΘAA˙a ΘBB˙b dxa⊗ dxb ,
η = det(Θ) dx0 ∧dx1 ∧ dx2 ∧ dx3 ,
γ =
√
2ΘAA˙a (ζA⊗ ζ¯A˙ + εABεA˙B˙ z¯B˙⊗ zB)⊗ dxa .
The above objects turn out to be a Lorentz metric, the corresponding volume form and a
Clifford map. Moreover
Θbµ := Θ
λ
a ηλµ g
ab = (Θ−1)bµ : M → C⊗L−1 , gab : M → C⊗L−2 .
A non-degenerate tetrad, together with a two-spinor frame, yields mutually dual orthonor-
mal frames (Θλ) of L
−1⊗TM and ( ∗Θλ) of L⊗T∗M , given by
Θλ := Θ
−1(τλ) = Θaλ ∂xa ,
∗
Θλ := Θ∗(tλ) = Θλa dx
a .
We also write
γ = γλ⊗
∗
Θλ = γa⊗dxa , γλ := γ(Θλ) : M → End(W ) ,
γa := γ(∂xa) = Θ
λ
a γλ : M → L⊗ End(W ) .
If  Γ is a complex-linear connection on S, and G and Γ˜ are the induced connections on
L and H , then a non-degenerate tetrad Θ : TM → L⊗H yields a unique connection Γ on
TM , characterized by the condition
∇[Γ⊗ Γ˜]Θ = 0 .
Moreover Γ is metric, i.e. ∇[Γ]g = 0. Denoting by Γ λa µ the coefficients of Γ in the frame
Θ′λ ≡ Θ−1(l⊗ τλ) one obtains
Γ λa µ = Γ˜
λ
a µ + 2Ga δ
λ
µ .
The curvature tensors of Γ and Γ˜ are related by R λab µ = R˜
λ
ab µ , or
R cabd = R˜
λ
ab µΘ
c
λΘ
µ
d .
Hence the Ricci tensor and the scalar curvature are given by
Rad = R
b
abd = R˜
λ
ab µΘ
b
λΘ
µ
d , R
a
a = R˜
λµ
ab Θ
b
λΘ
a
µ .
In general, the connection Γ will have non-vanishing torsion, which can be expressed as
Θλc T
c
ab = ∂[aΘ
λ
b] +Θ
µ
[a Γ˜
λ
b] µ + 2Θ
λ
[aGb] .
2.3 Einstein-Cartan-Maxwell-Dirac field theory
In this section I’ll give an essential sketch of a “minimal geometric data” field theory which
has been presented in previous papers [3, 4, 7]. The quoted words refer to the fact that the
unique “geometric datum” is a vector bundle S ֌ M with complex 2-dimensional fibres
and real 4-dimensional base manifold. All other bundles and fixed geometric objects are
determined just by this datum through functorial constructions, as we saw in the previous
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sections; no further background structure is assumed. Any considered bundle section which
is not functorially fixed by our geometric datum is a field. A natural Lagrangian can then
be written, yielding a field theory which turns out to be essentially equivalent to a classical
theory of Einstein-Cartan-Maxwell-Dirac fields.
The fields are taken to be the tetrad Θ , the 2-spinor connection  Γ, the electromagnetic
field F and the electron field ψ . The gravitational field is represented by Θ (which can be
viewed as a ‘square root’ of the metric) and the traceless part of  Γ, namely Γ˜, seen as the
gravitational part of the connection. If Θ is non-degenerate one obtains, as in the standard
metric-affine approach [9, 8], essentially the Einstein equation and the equation for torsion;
the metricity of the spacetime connection is a further consequence. But note that the theory
is non-singular also in the degenerate case. The connection G induced on L will be assumed to
have vanishing curvature, dG = 0, so that one can always find local charts such that Ga = 0 ;
this amounts to gauging away the conformal (‘dilaton’) symmetry. Coupling constants will
arise as covariantly constant sections of L, which now becomes just a vector space.
The Dirac field is a section ψ ≡ (u, χ) : M → L−3/2⊗W assumed to represent a semi-
classical particle with one-half spin, mass m ∈ L−1 and charge q ∈ R .
The electromagnetic potential can be thought of as the Hermitian connection on ∧2U
determined by  Γ , whose coefficients are indicated as iYa ; locally one writes Ya ≡ q Aa , where
A : M → T∗M is a local 1-form.
The electromagnetic field is represented by a spinor field F˜ : M → L−2⊗∧2H∗ which,
via Θ , determines the 2-form F := Θ∗F˜ : M → ∧2T∗M . The relation between Y and F will
follow as one of the field equations.
The total Lagrangian density is the sum of a gravitational, an electromagnetic and a Dirac
term: L = Lg + Lem + LD = (ℓg + ℓem + ℓD) d4x : M → ∧4T∗M , where
Lg := 1
8k
η˜ | (R˜# ∧Θ∧Θ) ,
Lem := −12 η˜ | [Θ∧Θ∧ (dA⊗ F˜ )] + 14 (F˜ ·F˜ ) η ,
LD := ℑ
[
1
3!
〈
ψ¯ , η˜ | (γ˜#∇ψ)∧Θ∧Θ∧Θ〉]−m 〈ψ¯, ψ〉 η .
In the above expressions, k is Newton’s gravitational constant; a superscript # denotes “index
raising” relatively to the Lorentz metric g˜ , and the “exterior” product among vector valued
forms is naturally defined.3 One has the coordinate expressions
ℓg =
1
8k
ελµνρ ε
abcd R˜ λµab Θ
ν
c Θ
ρ
d ,
ℓem = −14 εabcd ελµνρ ∂aAb F˜ λµΘνcΘρd + 14 F˜αβF˜αβ detΘ ,
ℓD =
i√
2 Θ˘
a
AA˙
(
∇auA u¯A˙ − uA∇au¯A˙ + εABε¯A˙B˙(χ¯B ∇aχB˙ −∇aχ¯B χB˙ )
)
−m (χ¯AuA + χA˙ u¯A˙ ) detΘ ,
where
Θ˘aAA˙ ≡ 1√2 σλAA˙ Θ˘aλ ≡ 1√2 σλAA˙
(
1
3! ε
abcd ελµνρΘ
µ
bΘ
ν
cΘ
ρ
d
)
.
Writing down the Euler-Lagrange equations4 for the Lagrangian density L is a straight-
forward (though not short) task. Summarizing the basic results:
3 For example, (x⊗α)∧ (y⊗β) = (x∧ y)⊗ (α∧β) , α, β ∈ T∗M , x, y ∈H , and the like.
4 One has to calculate the variational derivatives relatively to all the fields  Γ, Θ , A , F˜ , ψ ≡ (u, χ) .
9• The Θ-component corresponds (in the non-degenerate case) to the Einstein equation.
• The Γ˜-component gives the equation for torsion. From this one sees that the spinor
field is a source for torsion, and that in this context one cannot formulate a torsion-free
theory.
• The F˜ -component reads F = 2dA in the non-degenerate case, and of course this yields
the first Maxwell equation dF = 0.
• The A-component reduces, in the non-degenerate case, to the second Maxwell equation
1
2 ∗d∗F = j , where j : M → T∗M is the Dirac current.
• The u¯- and χ¯-components give a generalized form of the standard Dirac equation, which
can be written in compact form as
(
i /∇−m+ i2 γ#(T˘ )
)
ψ = 0 .
Here, T˘ denotes the 1-form obtained from the torsion by contraction, with coordinate
expression T˘a = T
b
ab .
3 Fermi transport
A 1-dimensional timelike submanifold L ⊂M can be seen as a ‘pointlike observer’, or as the
world-line of a ‘detector’. Note that there is a natural inclusion TL ⊂ TM . The restriction
of the spacetime time metric is a Riemann metric on L, which yields the detecor’s ‘proper
time’.
Throughout this §3 we’ll assume a tetrad Θ and a spinor connection  Γ to be fixed, namely
we’ll work in a given gravitational field background. Moreover, for simplicity, we’ll assume
Ga = 0 as it is in the standard fied theories (§2.3).
Since Θ is fixed, it will be convenient to make the identification TM ∼= L⊗H (and the
like) in order to simplify our notations. Note (§2.2) that the scalar product of elements in TM
is valued into R⊗L2, while the tensor product of elements in H is real valued; we express
this fact by saying that the spacetime metric g is L2-scaled , while the metric on H is unscaled
(or ‘conformally invariant’).
3.1 Rivisitation of the standard Fermi transport
Denote as TLM ֌ L and HL ֌ L the restrictions of the bundles TM ֌M and H ֌M
to the base L (the fibres over elements in L are the same). Then HL ∼= L−1⊗TLM has one
distinguished section, namely the unit future-pointing scaled vector field
τ : L→ L−1⊗TL ⊂ L−1⊗TLM ∼= HL .
We now consider the linear morphism over L
Φ : TL→ ∧2HL : v 7→ Φv ≡ 2 (∇vτ)∧ τ .
Choose base coordinates (xa) ≡ (x1, x2, x3, x4) adapted to L, namely such that ∂x4 ≡ ∂/∂x4 is
tangent to L at the points of L; let moreover (τλ) be any orthonormal frame of HL such that
τ0 ≡ τ ; then one gets the coordinate expression
Φ = 2 Γ˜ 0j4 dx
4⊗ τj ∧ τ0 .
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By ‘lowering the second index’ of Φ through the metric one gets a linear morphism
Φ♭ : L→HL ⊗H∗L ≡ End(HL) ,
namely
Φ♭v = ∇vτ0⊗ t0 − τ0⊗∇vt0 ,
with coordinate expression
Φ♭ = −dx4⊗ (Γ˜ j40 τj ⊗ t0 + Γ˜ 04 j τ0⊗ tj) ,
where the dual frame of (τλ) was denoted as (t
λ).
Note that
(Φ♭) 04 0 = (Φ
♭) j4 j = (Φ
♭) λ4 λ = 0 .
The bundle HL ֌ L has of course the connection naturally induced by Γ˜ : the covariant
derivative of any section X : L →HL is defined to be the map v 7→ ∇vX : L→HL , namely
∇vX ≡ ∇v[Γ˜]X is the restriction of ∇v′ [Γ˜]X ′ for any local extensions v′ and X ′ of v and X .
But now we observe that Φ♭ can be viewed as a section L → T∗L⊗L End(HL) , according to
Φ♭v ≡ v⌋Φ♭ . Hence we are able to introduce a new connection of HL ֌ L , namely the Fermi
connection5
ΓF := Γ˜ + Φ
♭ .
The covariant derivative associated with ΓF turns out to have the expression
DvX ≡ ∇v[ΓF]X = ∇vX − Φ♭v(X) =
= ∇vX + g(∇vτ ,X) τ − g(τ ,X)∇vτ : L→HL ,
for any sections v : L→ TL and X : L→HL .
The usual Fermi derivative is defined as a derivation with respect to the detector’s proper
time, that is
DX ≡ DτX : L→ L−1⊗HL , X : L→HL .
Proposition 3.1 For any v : L→ TL and X,Y : L→HL one has
v.(X · Y ) = (DvX) · Y +X ·DvY .
proof: It follows from the fact that Γ˜ is metric and Φ is anti-symmetric, so that Φ♭ is valued
into the Lorentz group (see §3.4 for more details about that). We can directly verify our
statement by observing that the Lie derivative along v of the scalar field X ·Y is well-defined
on L independently of extensions. We then have
v.(X · Y ) = (∇vX) · Y +X · ∇vY = [DvX +Φ♭v(X)] · Y +X · [DvY +Φ♭v(Y )] =
= (DvX) · Y +X · DvY +Φv(X♭, Y ♭) + Φv(Y ♭,X♭) = (DvX) · Y +X ·DvY ,
since Φv is antisymmetric. 
5 We recall that the difference between any two connections on a vector bundle E ֌ B is a tensor field
B ֌ T∗B⊗B End(E) .
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A section X : L→HL which is covariantly constant relatively to ΓF (namely DX = 0 , or
DvX = 0 for all v : L → TL) is said to be Fermi-transported along L; a Fermi-transported
section is uniquely determined6 by the value it takes at any point of L.
A few points are worth stressing:
• The scalar product of Fermi-transported vectors is constant along L (this follows at
once from the above proposition).
• τ itself is Fermi-transported; if f : L→ R then D(f τ) = (τ.f) τ .
• If X : L → H⊥
L
(the subbundle of HL orthogonal to τ) then also DvX : L → H⊥L ,
coinciding with the orthogonal projection onto H⊥
L
of the ordinary covariant derivative
∇vX .
Thus ΓF preserves the splitting of HL into the direct sum of its subbundles parallel and
orthogonal to τ . Moreover one also has Fermi-transported orthonormal frames (τλ) of HL
such that τ0 ≡ τ (one only has to fix the frame at some point of L and ‘Fermi-transport’ it).
In any orthonormal frame (not necessarily Fermi-transported) one has the coordinate
expressions
DvX = v
4
(
∂4X
λ τλ −Xk Γ˜ j4k τj
) ≡ v.X0 τ0 +
(
v.Xj − v4Xk Γ˜ j4k
)
τj ,
DX = Θ40
(
∂4X
λ τλ −Xk Γ˜ j4k τj
)
,
which are independent of any extensions of v and X .
Remark. The definition of the Fermi derivative could be extended to the case when L
is spacelike, but cannot be immediately extended to a derivative along a null 1-dimensional
submanifold,7 since in the latter case there exists no normalized tangent vector (τ). Moreover,
the Fermi transport along an arbitrary timelike curve cannot be seen as parallel transport
relatively to some connection on H ֌M .
However, a different kind of extension can be devised. For this purpose, we first note that
the section Φ♭ : L→ T∗L⊗ End(HL) can be extended via the spacetime metric to a section
Φ♭ : L→ T∗
L
M ⊗ End(HL) .
Namely we set
v⌋Φ♭ := g(v, τ)τ⌋Φ♭ , v ∈ TLM .
Suppose that M is filled with congruence of timelike 1-dimensional submanifolds, with
normalized tangent vector field τ : M → H . Then considering the above said extension for
all said submanifolds we obtain a section
Φ♭ : M → T∗M ⊗
M
End(H) ∼= T∗M ⊗
M
End(TM) .
Consider now the new spacetime connection Γ˜ + Φ♭. This has the property that the parallel
transport along lines of the chosen congruence coincides with Fermi transport there; the same
is not true, however, for lines which do not belong to the chosen congruence. Also, note that
the transport along spacelike lines orthogonal to the lines of the congruence coincides with
ordinary parallel transport.
6 This follows from a well-known result about general connections, since ΓF is a true connection on the
restricted bundle HL ֌ L for fixed L.
7 Samuel and Nityananda [12] have introduced a somewhat different transport law for polarization vectors
along non-geodesic null curves.
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3.2 Fermi transport of 2-spinors
Let UL ֌ L be the restriction of the bundle U ֌M to the base manifold L .
Introducing an appropriate Fermi transport for spinors amounts essentially to defining a
modification  ΓF of the connection8  Γ on UL ֌ L, in such a way that the induced connection
 ΓF⊗ ¯ ΓF on HL ֌ L coincides with ΓF . The solution to the problem of determining  ΓF is not
unique, as we’ll see, so one has got to describe the family of all solutions (in the next section,
the results obtained here will be extended to 4-spinors).
There is a natural procedure we can follow: writing down an analogous of the relation
between Γ˜ and  Γ (§2.1). We start from the two-spinor form of Φ♭, namely
Φ♭ = Φ AA˙4 BB˙ dx
4⊗ ζA⊗ ζ¯A˙⊗ zB⊗ z¯B˙ : M → T∗L⊗ End(H) ,
with Φ AA˙4 BB˙ = Φ
λ
4 µ τ
AA˙
λ t
µ
BB˙
= 12 Φ
λ
4 µ σ
AA˙
λ σ
µ
BB˙
.
By taking half the trace of Φ♭ relatively to its conjugate 2-spinor indices we get the section
φ : L→ T∗L⊗
L
End(UL)
which has the coordinate expression φ = φ A4 B dx
4⊗ ζA⊗ zB with
φ A4 B =
1
2 Φ
AA˙
4 BA˙ .
A simple calculation, using the properties of the Pauli matrices, gives then
φ A4 B =
1
2 Γ˜
0j
4 σ
A
j B .
Note that
Tr(φ) = φ A4 A dx
4 = 0
(in agreement with Φ λ4 λ = Φ
AA˙
4 AA˙ = 0). Conversely, it’s not difficult to show—by standard
2-spinor algebra—that
Φ AA˙4 BB˙ = φ
A
4 B δ
A˙
B˙ + δ
A
B φ¯
A˙
4 B˙ .
Next, we introduce the spinor Fermi connection on UL ֌ L ,
 ΓF :=  Γ + φ ,
which has the coordinate expression
( ΓF) A4 B =  Γ A4 B + φ A4 B = (G4 + iY4) δAB + 12 Γ˜
AA˙
4 BA˙ +
1
2 Φ
AA˙
4 BA˙
= (G4 + iY4) δ
A
B +
1
2 (ΓF)
AA˙
4 BA˙ .
If v : L→ TL and u : L→ UL are sections, then
∇v[ ΓF]uA = ∇v[ Γ]uA − v4 φ A4 B uB = v4 (∂4uA −  Γ A4 B uB − 12 Γ˜ 0j4 σ Aj B uB) .
Proposition 3.2 The connection  ΓF⊗ ¯ ΓF induced by  ΓF on HL ֌ L coincides with the the
Fermi connection ΓF . Moreover, any other linear connection  Γ′F of UL ֌ L yielding ΓF differs
from  ΓF by a term of the type iα⊗ 1 with α : L→ T∗L , namely
( Γ′F) A4 B = ( ΓF) A4 B + iα4 δAB .
8 For simplicity, we denote the restriction of  Γ by the same symbol.
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proof: The coefficients of  ΓF⊗ ¯ ΓF are
( ΓF⊗ ¯ ΓF) AA˙4 BB˙ =  ΓF A4 B δA˙B˙ + δAB ¯ ΓF A˙4 B˙ = ( Γ A4 B + φ A4 B) δA˙B˙ + δAB (¯ Γ A˙4 B˙ + φ¯ A˙4 B˙) =
= ( Γ A4 B δA˙B˙ + δAB ¯ Γ A˙4 B˙ ) + (φ A4 B δA˙B˙ + δAB φ¯ A˙4 B˙ ) =
= Γ˜ AA˙4 BB˙ +Φ
AA˙
4 BB˙ .
Now we observe that any other connection  Γ′F of UL ֌ L can be written as  ΓF + Ξ , with
Ξ : L→ T∗L⊗ End(UL) . The condition that  Γ′F yields ΓF can be written as
 ΓF A4 B δA˙B˙ + δAB ¯ ΓF A˙4 B˙ = ( ΓF A4 B + Ξ A4 B) δA˙B˙ + δAB (¯ ΓF A˙4 B˙ + Ξ¯ A˙4 B˙ ) ,
⇒ Ξ A4 B δA˙B˙ + δAB Ξ¯ A˙4 B˙ = 0 .
A short discussion then shows that Ξ A4 B = ξ δ
A
B with ξ : L→ iR . 
Conclusion: we obtained a family of connections of the restricted bundle UL ֌ L . Each
element of the family yields the standard Fermi transport, and is characterized by the arbitrary
choice of an imaginary function on L .  ΓF is a distinguished element of the family, so we see
it as the natural generalization of Fermi transport to 2-spinors.
3.3 Fermi transport of 4-spinors
The coefficients of the connection induced by  Γ on U⋆֌M (namely the dual of ¯ Γ, see §2.1)
are
∗
¯ Γ A˙aB˙ = −¯ Γ A˙a B˙ .
The couple ( Γ,
∗
¯ Γ) then constitutes the induced (4-spinor) connection on the bundle U⊕U⋆ ≡
W ֌M . Its coefficients can be expressed [4] in the form
 Γ αa β = iYa δαβ + 14 Γ˜
λµ
a (γλ γµ)
α
β , α, β = 1, 2, 3, 4 .
Its restriction toWL ֌ L can then be modified in order to obtain a 4-spinor Fermi connection,
that is the connection
( ΓF ,
∗
¯ ΓF) = ( Γ+φ ,
∗
¯ Γ−φ¯∗)
obtained from  ΓF by a similar procedure. Namely, this new connection differs from ( Γ,
∗
¯ Γ) by
the section
(φ,−φ¯∗) : L→ T∗L⊗ End(WL) ,
where the transpose conjugate
φ¯∗ : L→ T∗L⊗U⋆
L
⊗UL ≡ T∗L⊗ End(U⋆L ) ,
has the coordinate expression
(φ¯∗) A˙4B˙ =
1
2 Φ¯
A˙A
4 B˙A =
1
2 Γ˜
0j
4 σ¯
A˙
j B˙ .
After some calculations we also find
(φ,−φ¯∗) = 14 γˆ(Φ) = 14 Γ˜ 0j4 dx4⊗ (γ0 γj − γj γ0) ,
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where γˆ : ∧H → EndW is the natural extension of the Dirac map. For simplicity, let us
indicate a connection on UL ֌ L and the induced connection on WL ֌ L by the same
symbol; then the induced 4-spinor Fermi connection of WL ֌ L can be written as
 ΓF =  Γ + (φ, −φ¯∗) =  Γ + 14 γˆ(Φ) .
Any other member  ΓF′ of the family of 4-spinor Fermi connections are obtained from the above
expression via the replacement φ→ φ+ iα⊗ 1U , namely
 ΓF′ =  ΓF + iα⊗ 1W .
3.4 Group considerations
A detailed study of the relations between 2-spinor groups, 4-spinor groups and the Lorentz
group was exposed in [7]. In this section I’ll just recall a few results which are relevant in the
present discussion.
In the algebraic setting of §1.2 consider the group
Sl(U ) := {K ∈ Aut(U ) : detK = 1} ,
which preserves the two-spinor structure. Its relations with the special orthochronous Lorentz
group and the orthochronous Spin group are described by the commutative diagram
Sl(U ) ✲ Lor↑+(H)
❄ ✑
✑
✑
✑
✑
✑✑✸
Spin↑(W )
:
K ✲ K ⊗ K¯
❄✚
✚
✚
✚
✚
✚✚❃
(
K, (K¯⋆)−1
)
One has the isomorphic Lie algebras LLor ≡ LLor(H) , LSpin ≡ LSpin(W ) and
LSl ≡ LSl(U) ∼= {φ ∈ End(U ) : Trφ = 0} .
Furthermore LLor(H) is isomorphic, as a vector space, to ∧2H . Thus one has the diagram
of isomorphisms
LSl(U) ✲✛ LLor(H)
❄
✻
✲✛LSpin(W ) ∧2H
❄
✻
:
φ ✲✛ Φ♭
❄
✻
✲✛(φ,−φ¯∗) Φ
❄
✻
where the relations among the above objects are as follows.
a) Φ♭ ∈ LLor(H) ⊂ End(H) = H ⊗H∗ is obtained from Φ ∈ ∧2H ⊂ H ⊗H through the
isomorphism g♭ : H →H∗ determined by the Lorentz metric.
b) φ ∈ LSl(U) ⊂ U ⊗U⋆ is one-half the trace of Φ♭ relatively to the conjugate factors.
Conversely, Φ♭ = φ⊗ 1
U
+ 1U ⊗ φ¯ . Hence Trφ = 0 .
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c) 14 γˆ(Φ) = (φ,−φ¯∗) ∈ EndU ⊕ EndU⋆ ⊂ EndW , where γˆ : ∧H → EndW is the natural
extension of the Dirac map to the exterior algebra of H .
Furthermore, it should be observed that the biggest group which preserves the two-spinor
structure is not Sl(U ) but rather the ‘complexified’ group
Slc(U) := {K ∈ Aut(U ) : |detK| = 1} = (U(1)× Sl(U))/Z2 ,
which leaves any symplectic form of U invariant up to a phase factor. Its Lie algebra is
LSlc(U) ∼= {A ∈ End(U ) : ℜTrA = 0} = iR⊕ LSl(U) .
Accordingly, any θ ∈ LSlc(U ) can be uniquely decomposed as
d) θ = 12 (Tr θ) 1 +
(
θ − 12 (Tr θ) 1
) ≡ iα 1 + φ , α ∈ R , φ ∈ LSl(U) ,
with 1 ≡ 1U , and one has
θ⊗ 1¯ + 1 ⊗ θ¯ = φ⊗ 1¯ + 1 ⊗ φ¯ .
In other words, θ ∈ LSlc(U ) determines an element Φ♭ ∈ LLor(H) via its traceless part φ .
In the bundle setting of §2 the above spaces and groups become vector bundles and group
bundles over M . Consider sections
φ : M → T∗M ⊗
M
LSl(U ) ,
θ ≡ iα⊗ 1U + φ : M → T∗M ⊗
M
LSlc(U ) ,
Φ♭ : M → T∗M ⊗
M
LLor(H) ,
1
4 γˆ(Φ) = (φ,−φ¯⋆) : M → T∗M ⊗
M
LSpin(W ) ,
fulfilling the same mutual relations a, b, c and d as the previously considered algebraic objects
with the same names (α : M → T∗M is now a real 1-form).
Such Lie-algebra-bundle valued 1-forms can be seen as differences between linear con-
nections preserving the respective vector bundle structures (while the curvature tensors are
2-forms valued in the same Lie-algebra-bundles). More precisely, it’s not difficult to prove:
Proposition 3.3 Let  Γ and  Γ′ be 2-spinor connections, and Γ˜, Γ˜′ the respectively induced
connections of H →M . Then
θ ≡ iα⊗ 1 + φ :=  Γ− Γ′ : M → T∗M ⊗
M
LSlc(U )
and
Φ♭ := Γ˜−Γ˜′ : M → T∗M ⊗
M
LLor(H)
fulfil the above relations a, b, c,d. In particular, Φ♭ only depends on the traceless part φ of θ .
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4 An application: free QED states
Though a kind of ‘covariance’ can be achieved in flat spacetime, current quantum theory re-
mains essentially observer-dependent. This feature is most evident when one tries to formulate
QFT in curved spacetime, where one is unable to define a distinguished, observer-independent
set of free states (e.g. see Birrel and Davies [1]).
In a previous paper [6] I studied a quantum formalism, in momentum space, carried
by a pointlike observer: connections on underlying ‘classical’ bundles determine ‘quantum
connections’ on ‘distributional bundles’, namely bundles over spacetime whose fibres are dis-
tributional spaces, and restriction to a given observer worldline does the job.9 I also hinted at
the possibility that free electron states, for the observer’s formalism, be described in terms of
a Fermi transport of spinors, rather than by ordinary covariant transport. This seems natural
in view of the standard interpretation of the usual Fermi transport of vectors in relation to
small gyroscopes carried by the observer.
For m ∈ L−1 let Pm ⊂ T∗M be the subbundle over M of all future-pointing p ∈ T∗M
such that g#(p, p) = m2 . Then Pm is the classical momentum bundle for a particle of mass
m (the limit case m = 0 can also be considered). Consider the 2-fibred bundle
[
(∧3T∗Pm)+
]
1/2 ≡ V−1/2Pm֌ Pm֌M
whose upper fibres are the spaces of half-densities of the momentum spaces. If V ֌ Pm
is a complex vector bundle (whose fibres represent the internal degrees of freedom of the
particle) then for each x ∈ M one has the vector spaces V1x of all generalized sections (in a
distributional sense)
(Pm)x  (V
−1/2Pm ⊗
Pm
V )x ,
which can be assembled [5] into a smooth bundle V1 ֌ M (smoothness being defined in a
certain, appropriate way). A Fock bundle can be constructed as V :=
⊕∞
i=0 V
i , where V i
is defined to be either ∧iV1 or ∨iV1 (respectively, antisymmetrized and symmetrized tensor
products for fermions and bosons). Thus one particle states are represented as V -valued
generalized half densities.
The spacetime connection determines a connection Γm on Pm ֌ M ; moreover, in the
usual physical situations one has a connection V → Pm →M which is linear projectable over
Γm . These determine a connection on V
1
֌M and hence on V ֌M .
For each p ∈ (Pm)x , x ∈ M , let δp be the Dirac density with support {p} in (Pm)x , ωm
the Leray density of (Pm)x ⊂ T∗xM and
(
bα(p)
)
a basis of Vp . Let moreover l ∈ L be a
‘length unit’. Then the set
(
Bpα
)
, with
BpA :=
1√
2 l3 p0
δ[p]⊗ω−1/2m ⊗ bα ,
constitutes a generalized frame of V1. The above said connection on V ֌ M yields par-
allel transport of such frames along curves in M ; in particular, 4-momentum p is parallely
transported.
Consider now the bundleW ֌M of Dirac spinors. For each p ∈ Pm one has a splitting10
W = W+p ⊕
M
W−p , W
±
p := Ker(γ[p]∓m) .
9 At least locally the chosen worldline determines, vie exponentiation, a splitting space+ time enabling a
position space representation.
10 The restrictions of the Hermitian metric k (§1.4) to these two subspaces turn out to have the signatures
(+,+) and (−,−) , respectively.
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Thus for each m ∈ L−1 one has the 2-fibred bundles W±m → Pm →M defined by
W±m :=
⊔
p∈Pm
W±p ⊂ Pm×
M
W .
W+m and W
−
m are then the electron bundle and the positron bundle, respectively.
All the above constructions can be restricted to timelike one-dimensional base manifold
L ⊂ M . In order to introduce appropriate generalized frames for free electron and positron
states along L one needs, for each p ∈ (Pm)L a frame
(
uA(p) , vA(p)
)
, A = 1, 2
of Wp which is adapted to the splitting Wp = W
+
p ⊕W−p . A consistent choice can be made
by the following procedure.
Fix any point x0 ∈ L. Let τx0 ∈ L−1⊗Tx0L be the unit future-pointing scaled vector field.
Choose any 2-spinor basis
(
ζA
)
such that the timelike element τ0 of the induced Pauli basis
coincides with τx0 . Then the corresponding Dirac basis (§1.4), constituted by the elements
u1 :=
1√
2 (ζ1 , z¯
1) , u2 :=
1√
2 (ζ2 , z¯
2) , v1 :=
1√
2 (ζ1 ,−z¯1) , v2 := 1√2 (ζ2 ,−z¯2) ,
is adapted to the splitting determined by p ≡ mg♭(τx0) . Next we Fermi-transport this basis
along L. τ itself is Fermi-transported, and so is the 1-form τ ♭ := g♭(τ) corresponding to τ via
the spacetime metric. Thus we get a Dirac frame
(
uA(mτ
♭) , vA(mτ
♭)
)
which is adapted to
splitting determined by p ≡ mτ ♭.
Now we have to extend this to a Dirac frame of WL for all p ∈ (Pm)L . This can be
done, at each x ∈ L, essentially by the usual procedure of the flat inertial case. Namely, if
p ∈ (Pm)x is now an arbitrary 4-momentum at x then take the unique boost Λ such that
Λ(τx) = g
#(p)/m ; up to sign there is a unique transformation K ∈ Spin(W ) which projects
over Λ, and an overall sign can be fixed by continuity.11 This K transforms the Dirac frame(
uA(mτ
♭) , vA(mτ
♭)
)
into the new Dirac frame
(
uA(p) , vA(p)
)
.
The introduction of free photon states has subtilities of a different nature, while their
transport along the observer’s world line is performed via ordinary Fermi transport. Then
one modifies the induced free-particle connection on the Fock bundle of QED by an inter-
action (not deduced from any underlying classical structure) which yields the full picture of
electrodynamics (see [6] for details).
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